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THE A-PRINCIPAL REAL HYPERSURFACES
IN COMPLEX QUADRICS

TEE-HOW LOO

Abstract. A real hypersurface in the complex quadric Qm = SOm+2/
SOmSO2 is said to be A-principal if its unit normal vector field is singu-
lar of type A-principal everywhere. In this paper, we show that a A-principal
Hopf hypersurface in Qm, m ≥ 3, is an open part of a tube around a to-
tally geodesic Qm+1 in Qm. We also show that such real hypersurfaces are
the only contact real hypersurfaces in Qm. The classification for complete
pseudo-Einstein real hypersurfaces in Qm, m ≥ 3, is also obtained.

1. Introduction

A natural research problem that arises in the theory of Riemannian submani-
folds, when the ambient spaces are equipped with some additional geometric struc-
tures, is to study the interactions between these structures and the submanifold
structure on its submanifolds.

For real hypersurfaces in a Hermitian manifold with complex structure J , a
geometric condition naturally being considered is to require the line bundle JT⊥M
over M to be invariant under the shape operator S of M , that is, SJT⊥M ⊂
JT⊥M . Such real hypersurfaces are known as Hopf hypersurfaces and possess some
interesting geometric properties; for instance, Hopf hypersurfaces in a complex
projective space CPm are curvature adapted and can be realized as tubes around
complex submanifolds in CPm (cf. [8]).

Similar research has been carried out for real hypersurfaces in quaternionic
Kaehler manifolds. Martinez and Perez classified real hypersurfaces M with con-
stant principal curvatures in quaternionic projective spaces HPm of which the
vector bundle JT⊥M over M is invariant under the shape operator S of M , where
J is the quaternionic Kaehler structure of HPm (cf. [15]). This result has been
improved in [1] by removing the constancy assumption on the principal curvatures.
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The complex two-plane GrassmannianG2(Cm+2) is the unique compact, Kaehler,
quaternionic Kaehler manifold with positive scalar curvature. Two natural condi-
tions to be considered are that both JT⊥M and JT⊥M are invariant under the
shape operator S of real hypersurfaces. Berndt and Suh used these properties
to characterize tubes around G2(Cm+1) and tubes around HPm/2 in G2(Cm+2)
(cf. [6]). An extension to the non-compact dual of G2(Cm+2) can be found in [5].

In this paper, we study real hypersurfaces, in them-dimensional complex quadric
Qm = SOm+2/SOmSO2, m ≥ 2. The complex quadric Qm is a Hermitian symmet-
ric space of rank two. It is the only compact non-totally geodesic parallel complex
hypersurface in the complex projective space CPm+1 (cf. [17]). This property deter-
mines on Qm, on top of the complex structure J , another distinguished geometric
structure A, which is an S1-bundle over Qm generated by conjugations on tangent
spaces of Qm induced by the shape operator of Qm in CPm+1.

With respect to the structure A, there are two types of singular tangent vectors
for Qm, namely, A-principal and A-isotropic singular tangent vectors, correspond-
ing to the two singular orbits of the isotropy action of Qm on the unit sphere. A
real hypersurface M in Qm is said to be A-principal (resp. A-isotropic) if the nor-
mal bundle of M consists of A-principal (resp. A-isotropic) singular tangent vectors
in Qm.

Typical examples of A-principal (resp. A-isotropic) real hypersurfaces are the
tubes around totally geodesic Qm−1 (resp. CP k, m = 2k is even) in Qm. These
real hypersurfaces have a number of interesting geometric properties; for instance,
both of them are Hopf. In addition, tubes around totally geodesic CP k in Q2k

are the only real hypersurfaces in Q2k with isometric Reeb flow (cf. [7]) while
tubes around Qm−1 in Qm appear to be the only known examples of contact real
hypersurfaces in Qm (cf. [2]).

This raises two interesting problems: classifying A-principal Hopf hypersurfaces
and A-isotropic Hopf hypersurfaces in the complex quadric Qm. In this paper, we
first study the former problem and show that these real hypersurfaces are indeed
tubes around Qm−1 in Qm (see Theorem 5.2).

Let M be a real hypersurface in a Kaehler manifold M̂ . Let (φ, ξ, η, 〈 , 〉) be
the almost contact metric structure on M induced by the complex structure of M̂
(see Section 3 for details). Denote by Φ(·, ·) := 〈·, φ ·〉 the fundamental 2-form.
If there exists a non-zero function ρ on M such that dη = ρΦ, then M admits a
contact structure. In this case, we call M a contact real hypersurface in M̂ . In [2],
Berndt asked whether tubes around totally geodesic Qm−1 are the only contact
real hypersurfaces in Qm. We shall give an affirmative answer for this question
(see Theorem 6.1).

An almost contact metric manifold M is said to be pseudo-Einstein if there exist
constants a, b such that its Ricci tensor Ric is given by

RicX = aX + bη(X)ξ.

Pseudo-Einstein real hypersurfaces in non-flat complex space forms were studied
in [9, 10, 11, 13, 16]. We study pseudo-Einstein real hypersurfaces in Qm, m ≥ 3,
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and show that a complete pseudo-Einstein real hypersurface must be a special kind
of tubes around totally geodesic Qm−1 (see Theorem 7.6).

This paper is organized as follows: In Section 2, we take a quick revision of
geometric structures on complex quadrics Qm. In Section 3, we fix notations and
establish a general framework for understanding the geometry of real hypersurfaces
M in Qm. We derive some general identities for Hopf hypersurfaces in Qm in
Section 4. In particular, we show that the only Hopf hypersurfaces with constant
Reeb principal curvature are the A-principal and A-isotropic ones (see Lemma 4.5).
The main results are proved in the last three sections. In Sections 5 and 6, we show
that the following statements are equivalent:

(1) M is an open part of a tube around a totally geodesic Qm−1 in Qm.
(2) M is a A-principal Hopf hypersurface in Qm.
(3) M is a contact real hypersurface in Qm.

We study pseudo-Einstein real hypersurfaces in Section 7. A classification for
complete pseudo-Einstein real hypersurfaces in Qm is obtained.

2. The complex quadrics

We denote by CPm+1 the (m+ 1)-dimensional complex projective space of con-
stant holomorphic sectional curvature 4 with respect to the Fubini–Study metric
〈 , 〉. Each point [z] ∈ CPm+1 can be regarded as a complex line in Cm+2 spanned
by z ∈ Cm+1

× . Up to identification, the tangent space T[z]CPm+1 is given by

T[z]CPm+1 = Cm+2 	 [z] = {w ∈ Cm+2 : 〈w, z〉C = 0},

where 〈 , 〉C is the Hermitian inner product on Cm+2.
The m-dimensional complex quadric Qm is a complex hypersurface characterized

by the quadratic equation z2
0 +z2

1 + · · ·+z2
m+1 = 0 in CPm+1, which is isometric to

the real Grassmannian of oriented two-planes of Rm+2 and is a compact Hermitian
symmetric space of rank two.

We denote by J both the complex structure of CPm+1 and that induced on Qm,
and by 〈 , 〉 as well the induced metric tensor on Qm. As Q2 is isometric to S2×S2,
we will consider m ≥ 3 in the main part of the paper.

At each [z] ∈ Qm, up to identification, the normal space T⊥[z]Q
m = [z̄] and

tangent space T[z]Q
m = Cm+2 	 ([z] ⊕ [z̄]). Denote by Aζ the shape operator of

Qm in CPm+1 with respect to a unit vector ζ ∈ T⊥[z]Qm. It is known that Aζ is a
self-adjoint involution on T[z]Q

m and satisfies AζJ + JAζ = 0. In other words, Aζ
is a conjugation on T[z]Q

m with respect to the Hermitian metric 〈 , 〉C given by

〈X,Y 〉C = 〈X,Y 〉+
√
−1〈X, JY 〉

for any X,Y ∈ T[z]Q
m.

Let V (Aζ) (resp. JV (Aζ)) be the (+1)-eigenspace (resp. the (−1)-eigenspace)
of Aζ . Then we have

T[z]Q
m = V (Aζ)⊕ JV (Aζ),
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and Aζ defines a real structure V (Aζ) on T[z]Q
m. In particular, for ζ = z̄, the

shape operator Az̄w = −w̄, for each w ∈ T[z]Q
m, V (Az̄) = Rm+2 ∩ T[z]Q

m and
JV (Az̄) =

√
−1Rm+2 ∩ T[z]Q

m (cf. [18]).
The CQ-structure A[z] := {λAζ : λ ∈ S1} on T[z]Q

m is independent of the choice
of ζ as every pair of unit vectors ζ, ζ ′ ∈ T⊥[z]Qm can be related by ζ ′ = λζ for some
λ ∈ S1, and then Aζ′ = Aλζ = λAζ holds. It follows that A = ∪[z]∈QmA[z] is an
S1-bundle over Qm.

To each unit vector field ζ normal to Qm in CPm+1 we associate a section Aζ
of A. Denote by ∇̂ and ∇⊥ the connections corresponding to TQm and T⊥Qm

respectively, induced by the Levi-Civita connection of CPm+1. For all vector fields
X and Y tangent to Qm, we have ∇⊥Xζ = qζ(X)Jζ for some 1-form qζ on Qm.
Since Qm is a parallel complex hypersurface in CPm+1 and AJζ = JAζ , we have

0 = (∇̂XA)ζY = ∇̂XAζY −Aζ∇̂XY −A∇⊥
X
ζY = (∇̂XAζ)Y − qζ(X)JAζY.

It follows that for each section A of A, there exists a 1-form q on Qm such that

∇̂A = JA⊗ q. (2.1)

A non-zero vector W ∈ T[z]Q
m is said to be singular if it is tangent to more

than one maximal flat in Qm. There are two types of singular tangent vectors for
the complex quadric Qm: A-principal singular and A-isotropic singular. A singular
tangent vector W is said to be A-principal if there exists a conjugation A ∈ A[z]
such that W ∈ V (A). If 〈AW,W 〉 = 〈AW,JW 〉 = 0 for some (and hence for all)
A ∈ A[z], then W is called a A-isotropic singular vector.

We have the following characterizations for A-principal singular tangent vectors.

Lemma 2.1. Let W ∈ T[z]Q
m be a unit vector. Then the following are equivalent:

(a) W is A-principal.
(b) There exists A ∈ A[z] such that AW ∈ CW . Furthermore, we have AW ∈

CW for each A ∈ A[z].
(c) For each A ∈ A[z], 〈AW,W 〉2 + 〈AW,JW 〉2 = 1.

In general, for each unit tangent vector W ∈ T[z]Q
m and A ∈ A[z], we can write

W = cos(t)X + sin(t)JY,

where X,Y ∈ V (A) are orthonormal vectors and t ∈ [0, π/4]. The vector W is a
A-principal (resp. A-isotropic) singular tangent vector when t = 0 (resp. t = π/4).

From the Gauss equation of the complex hypersurface Qm in CPm+1, the cur-
vature tensor R̂ of Qm is given by

R̂(X,Y ) = X ∧ Y + JX ∧ JY − 2〈JX, Y 〉J +AX ∧AY + JAX ∧ JAY (2.2)

for any X,Y tangent to Qm and A in A, where (U ∧ V )Z = 〈V,Z〉U − 〈U,Z〉V .
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3. Real hypersurfaces in Qm

Let M be a connected real hypersurface in Qm, and let N be a (local) unit
vector field normal to M . We define ξ := −JN , η the 1-form dual to ξ and
φ := J|TM − ξ ⊗ η. Then (φ, ξ, η) is an almost contact structure on M , that is,

φ2X = −X + η(X)ξ, φξ = 0, η(φX) = 0, η(ξ) = 1.
Denote by ∇ the Levi-Civita connection, 〈 , 〉 the induced Riemannian metric and
S the shape operator of M . Then

(∇Xφ)Y = η(Y )SX − 〈SX, Y 〉ξ, ∇Xξ = φSX (3.1)
for any X,Y tangent to M .

The real hypersurface M is said to be Hopf if the Reeb vector field ξ is prin-
cipal. It can be verified that M is Hopf if and only if the integral curves of ξ are
geodesics in M . The distribution D := ker η is known as the maximal holomorphic
distribution.

We call M a A-principal (resp. A-isotropic) real hypersurface if the unit normal
vector field N is A-principal (resp. A-isotropic) everywhere.

We shall now fix some notations. For any (local) section A in A and vector
field X tangent to M , we denote by V := (AN)T , the tangential part of AN ,
V ◦ = V − η(V )ξ and

BX := AX − 〈V,X〉N, AN = V + fN,

f := 〈AN,N〉, g := 〈V, ξ〉, k := ‖V ◦‖.
We note that the entities V , f , g and k depend on the choice of A. Following these
notations, we have the following lemma.

Lemma 3.1.
(a) Bξ = −fξ + φV .
(b) BV = −fV .
(c) BφV = (k2 + g2)ξ + fφV − gV .
(d) B2X = X − 〈X,V 〉V .
(e) f2 + k2 + g2 = 1.
(f) TraceB = −f .

Proof. It follows from JA + AJ = 0 that 0 = (JAN + AJN)T = φV − fξ − Bξ.
Since A2Z = Z for any vector Z tangent to Qm and 〈V, V 〉 = k2+g2, the tangential
and normal parts of A2N = N give (b) and (e) respectively. For any X tangent to
M , X = A2X = B2X + 〈X,V 〉V . This gives (d). Next, with the help of (a) and
(e), we can obtain (c) after putting X = ξ in (d). Finally, (f) can be easily verified
as TraceB = TraceA− 〈AN,N〉 = −f . �

For any X tangent to M , we define
θX := JAX − 〈X,Bξ〉N.

By using the facts JA + AJ = 0 and (JA)2Z = Z for any Z tangent to Qm, we
can also obtain the following identities.
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Lemma 3.2.
(a) θξ = −V .
(b) θV = −(k2 + g2)ξ − fφV .
(c) θφV = −fV − gBξ.
(d) θ2X = X − 〈X,Bξ〉Bξ.
(e) θX = φBX − 〈X,V 〉ξ = −BφX − η(X)V .
(f) Trace θ = −g.

Next, we derive some identities from the tangential and normal parts of (2.1).

Lemma 3.3.

(a) (∇XB)Y = 〈Y, V 〉SX + 〈SX, Y 〉V + q(X)θY .
(b) ∇XV = fSX −BSX + q(X)Bξ.
(c) Xf = −2〈X,SV 〉+ gq(X).
(d) (∇Xθ)Y = 〈Y,Bξ〉SX + 〈SX, Y 〉Bξ − q(X)BY .
(e) ∇XBξ = gSX − θSX − q(X)V .
(f) Xg = −2〈SBξ,X〉 − fq(X).
(g) ∇XV ◦ = fSX − gφSX −BSX + 2〈SBξ,X〉ξ + q(X)φV .
(h) ∇XφV = gSX + fφSX − φBSX − 〈SV,X〉ξ − q(X)V ◦.

Proof. For any X,Y tangent to M , we can obtain (a) and (b) from the tangential
and normal parts of (∇̂XA)Y = q(X)JAY respectively. Next,

Xf = −X〈Bξ, ξ〉 = −〈∇XBξ, ξ〉 − 2〈Bξ,∇Xξ〉 = −2〈X,SV 〉+ gq(X).

We observe that

(∇̂XJA)Y = (∇̂XJ)AY + J(∇XA)Y = −q(X)AY.

The tangential and normal parts give (d) and (e) respectively. To obtain (f), we
compute

Xg = X〈V, ξ〉 = 〈∇XV, ξ〉+ 〈V,∇Xξ〉 = −2〈SBξ,X〉 − fq(X).

Finally, since V ◦ = V − gξ and ∇XφV = (∇Xφ)V + φ∇XV , by applying (b), (f)
and (3.1) we can derive (g) and (h). �

Lemma 3.4.
(a) If N is A-principal on a sufficiently small open set U ⊂M , then there exists

a section A of A on U such that f = 1.
(b) If N is not A-principal at [z], then there exist a sufficiently small neighbor-

hood U of [z] in M and a section A of A on U such that 0 ≤ f < 1 and
g = 0.

(c) If N is A-isotropic on a sufficiently small open set U ⊂M , then there exists
a section A of A on U such that k = 1. Furthermore, we have k = 1 for each
section A of A on U .
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Proof. Statement (a) follows directly from the definition, while the proof of state-
ment (b) can be found in [4]. Statement (c) is just a special case of state-
ment (b). �

For each [z] ∈M , we define a subspace H⊥ of T[z]M by

H⊥ := Span{ξ, V, φV }.

Let H be the orthogonal complement of H⊥ in T[z]M . Then dimH = 2m−2 when
N is A-principal at [z] and dimH = 2m − 4 otherwise. By virtue of Lemma 3.1,
BH = H and B|H has two eigenvalues 1 and −1. For each ε ∈ {1,−1}, denote
by H(ε) the eigenspace of B|H corresponding to ε. Then dimH(ε) = m− 1 (resp.
dimH(ε) = m − 2) when N is A-principal (resp. N is not A-principal) at [z].
Moreover, we have φH(ε) = H(−ε) by Lemma 3.2 (e).

Lemma 3.5. Let M be a real hypersurface in Qm. Then
(a) if M is A-principal, then SH(−1) = 0;
(b) if M is A-isotropic, then SV = SφV = 0.

Proof. Since f = 1 when N is A-principal everywhere, we have k = g = 0 and
V = 0. It follows from Lemma 3.3 (b), (f) that

SX −BSX − 2〈X,Sξ〉ξ = 0.

By taking the transpose of this equation, we have

SX − SBX − 2〈X, ξ〉Sξ = 0

for any X tangent to M . In particular, for X ∈ H(−1), 2SX = 0 and so we obtain
statement (a).

Suppose that N is A-isotropic everywhere. Then f = g = 0 and k = 1. By
Lemma 3.3 (c), (f), we have SV = 0 and SφV = SBξ = 0. �

It follows from (2.2), Lemma 3.1 and Lemma 3.2 that the equations of Gauss
and Codazzi are given by

R(X,Y ) = X ∧ Y + φX ∧ φY − 2〈φX, Y 〉φ+BX ∧BY
+ θX ∧ θY + SX ∧ SY (3.2)

(∇XS)Y − (∇Y S)X = η(X)φY − η(Y )φX − 2〈φX, Y 〉ξ
+ 〈X,V 〉BY − 〈Y, V 〉BX + η(BX)θY − η(BY )θX.

Let Ric be the Ricci tensor on M and h := TraceS. Then by (3.2) we have

RicX = (2m− 1)X − 3η(X)ξ + 〈X,V 〉V + 〈X,Bξ〉Bξ
− fBX − gθX − (S2 − hS)X.

(3.3)
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4. Hopf hypersurfaces in Qm

In this section, we assume that M is a Hopf hypersurface in Qm with α = 〈Sξ, ξ〉.

Lemma 4.1. Let M be a Hopf hypersurface in Qm. Then we have

gradα = (ξα)ξ − 2(fV ◦ + gφV ) (4.1)
(2SφS − α(φS + Sφ)− 2φ)X = −2〈X,V ◦〉φV + 2〈X,φV 〉V ◦ (4.2)

for any X tangent to M .

Remark 4.2. This lemma can be obtained by a standard calculation using the
Codazzi equation and has been proved in [7]. We will just outline the proof as
below.

Proof of Lemma 4.1. For any X,Y tangent to M , we have

(∇XS)ξ = (Xα)ξ + αφSX − SφSX.

By this equation and the Codazzi equation, we obtain
0 = 〈(∇XS)Y − (∇Y S)X, ξ〉+ 2〈φX, Y 〉 − 2〈X,V 〉〈Y,Bξ〉+ 2〈Y, V 〉〈X,Bξ〉

= (Xξ)η(Y )− (Y ξ)η(X)− 2〈X,V 〉〈Y,Bξ〉+ 2〈Y, V 〉〈X,Bξ〉
+ 〈
(
2φ+ α(φS + Sφ)− 2SφS

)
X,Y 〉.

By substituting Y = ξ, we obtain (4.1). By using (4.1) and the above equation, we
can get (4.2). �

Acting by φ on both sides of (4.2), we obtain

(2φSφS + αS − αφSφ+ 2)X − (α2 + 2)η(X)ξ = 2〈X,V ◦〉V ◦ + 2〈X,φV 〉φV.

This implies that (φSφ)S − S(φSφ) = 0. Hence there exists a local orthonormal
frame {X0 = ξ,X1, . . . , Xm−1, Xm = φX1, . . . , X2m−2 = φXm−1} such that

SXj = λjXj , φSφXj = −µjXj , j ∈ {1, . . . ,m− 1}. (4.3)

By using (4.2) and (4.3), we get

{−2λjµj + α(λj + µj) + 2}Xj = 2〈Xj , V
◦〉V ◦ + 2〈Xj , φV 〉φV

for j ∈ {1, . . . ,m − 1}. If N is A-principal, then D = H and hence SH ⊂ H. On
the other hand, k > 0 or V ◦ 6= 0 when N is not A-principal. Hence, there is exactly
one j, say j = 1, such that −2λ1µ1 + α(λ1 + µ1) + 2 6= 0. This means that H is
spanned by the vectors X2, . . . , Xm−1, φX2, . . . , φXm−1; so SH ⊂ H and

−2λjµj + α(λj + µj) + 2 = 0, j ∈ {2, . . . ,m− 1}

in this case. Furthermore, by selecting an appropriate local section A, we can set
X1 = (1/k)V ◦ and

−2λ1µ1 + α(λ1 + µ1) + 2− 2k2 = 0.

We have shown the following lemma.
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Lemma 4.3. Let M be a Hopf hypersurface in Qm, m ≥ 3. Then SH ⊂ H. If E
is a vector tangent to H such that SE = λE and SφE = µφE, then

−2λµ+ α(λ+ µ) + 2 = 0.

Furthermore, if N is not A-principal, then there exists a section A of A such that
SV ◦ = tV ◦ and SφV = ωφV , where t and ω satisfy

−2tω + α(t+ ω) + 2− 2k2 = 0.

Lemma 4.4. Let M be a real hypersurface in Qm, m ≥ 3. Then φS + Sφ 6= 0 on
every open set U ⊂M .

Proof. Suppose that φS + Sφ = 0 on U . It is clear that ξ is principal at each
[z] ∈ U . Since dimH ≥ 2m− 4 > 0, we take a principal vector X ∈ H in line with
Lemma 4.3. It follows that λ+ µ = 0 and so 2λ2 + 2 = 0. This is a contradiction
and we obtain the lemma. �

Lemma 4.5. Let M be a Hopf hypersurface in Qm. Then α is constant if and
only if either M is A-principal or M is A-isotropic.

Proof. Suppose that α is a constant. Then by (4.1), we have fV ◦ + gφV = 0 and
so fk = gk = 0. Let

M1 = {[z] ∈M : N[z] is A-principal}.

If N is not A-principal everywhere, it follows from Lemma 3.4 that k 6= 0 on M c
1 ,

which implies that f = g = 0 on M c
1 and hence N is A-isotropic on M c

1 .
Now consider the function F := f2 + g2. We note that F is independent of the

choice of A ∈ A and is globally defined on M . Then F = 1 on M1 and F = 0 on
M c

1 . By the continuity of F , M = M c
1 and so it is A-isotropic.

Conversely, we have two cases: M is A-principal and M is A-isotropic. If M is
A-principal, then f = 1, g = 0 and V = 0. On the other hand, we have f = g = 0
when M is A-isotropic. By using (4.1), we deduce that gradα = (ξα)ξ in both
cases. It follows that

(XY −∇XY )α = (Xξα)η(Y ) + (ξα)〈Y, φSX〉.

Hence
0 = (Xξα)η(Y )− (Y ξα)η(X) + (ξα)〈Y, (φS + Sφ)X〉.

Substituting Y = ξ gives Xξα = (ξξα)η(X). Hence (ξα)(φS + Sφ) = 0. It follows
from Lemma 4.4 that φS+Sφ 6= 0 on a dense open subset of M . Hence ξα = 0 by
its continuity and so gradα = 0. Accordingly, α is a constant. �

Lemma 4.6. Assuming the notation and hypotheses in Lemma 4.3, if M is neither
A-principal nor A-isotropic, then

(ξα)(λ+ µ) = −2g(λ− µ)〈BE,E〉 − 2f(λ− µ)〈BE, φE〉 (4.4)
(ξα)(t+ ω) = 2fg(t− ω) (4.5)

grad(ξα) = (ξα)ξ + 2f(ω − α)φV − 2g(t− α)V ◦. (4.6)
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Proof. By using (4.1), we have

(XY −∇XY )α = (Xξα)η(Y )− 2(Xf)〈V ◦, Y 〉 − 2(Xg)〈φV, Y 〉
+ (ξα)〈∇Xξ, Y 〉 − 2f〈∇XV ◦, Y 〉 − 2g〈∇XφV, Y 〉.

It follows that

0 = (Xξα)η(Y )− 2(Xf)〈V ◦, Y 〉 − 2(Xg)〈φV, Y 〉
− (Y ξα)η(X) + 2(Y f)〈V ◦, X〉+ 2(Y g)〈φV,X〉
+ (ξα)〈∇Xξ, Y 〉 − 2f〈∇XV ◦, Y 〉 − 2g〈∇XφV, Y 〉
− (ξα)〈∇Y ξ,X〉+ 2f〈∇Y V ◦, X〉+ 2g〈∇Y φV,X〉

= {X(ξα) + 2g(t− 2α)〈V ◦, X〉 − 4f(ω − α)〈φV,X〉}η(Y )
− {Y (ξα) + 2g(t− 2α)〈V ◦, Y 〉 − 4f(ω − α)〈φV, Y 〉}η(X)
+ 〈(ξα)(φS + Sφ)X + 2g(φBS + SBφ)X + 2f〈(SB −BS)X,Y 〉

for any X,Y ∈ TM . In particular, if X = E and Y = φE, then we get (4.4).
On the other hand, (4.5) can be obtained by putting X = V ◦ and Y = φV in the
preceding equation. Finally, letting X = ξ gives (4.6). �

5. Tubes around Qm−1 in Qm

The totally geodesic complex hypersurface Qm−1 in Qm is determined by the
equations

z2
0 + · · ·+ z2

m = 0, zm+1 = 0.
The complex hypersurface Qm−1 is a singular orbit of the cohomogeneity one action
SOm+1 ⊂ SOm+2 on Qm. The other singular orbit is a totally geodesic totally real
m-dimensional sphere Sm = SOm+1/SOm.

The distance between the two singular orbits of the SOm+1-action is π/2
√

2 and
each principal orbit of the action is a tube of radius r ∈ ]0, π/2

√
2[ around the to-

tally geodesic Qm−1 ⊂ Qm. A principal orbit of the action is a homogeneous space
of the form SOm+1/Sm−1 which is an S1-bundle over Qm−1, and an Sm−1-bundle
over Sm.

From the construction of A it is clear that T[z]Q
m−1 and T⊥[z]Qm−1 areA-invariant

for each A ∈ A[z]. Moreover, since the real codimension of Qm−1 in Qm is 2, for
each unit vector ζ ∈ T⊥[z]Qm−1, [z] ∈ Qm−1, there exists A ∈ A[z] such that Aζ = ζ

and so AJζ = −Jζ. Hence

T[z]Q
m−1 = (V (A)	 Rζ)⊕ J(V (A)	 Rζ).

It follows that the Jacobi operator R̂ζ := R̂(·, ζ)ζ is given by

R̂ζY = Y +AY − 2〈Y, ζ〉ζ + 2〈Y, Jζ〉Jζ.

It has two constant eigenvalues, 0 and 2, with corresponding eigenspaces J(V (A)	
Rζ)⊕ Rζ and (V (A)	 Rζ)⊕ RJζ.
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We will use the standard Jacobi field method to determine the principal cur-
vatures and their corresponding eigenspaces of a tube around a totally geodesic
Qm−1 in Qm.

Fix r ∈ ]0, π/2
√

2[. For each [z] ∈ Qm−1 and unit vector ζ ∈ T⊥[z]Qm−1, denote
by γζ(s) the unit speed geodesic in Qm that passes through [z] at s = 0 with initial
velocity ζ.

Let Y be the Jacobi field along γζ with initial values Y(0) ∈ T[z]Q
m−1 and Ẏ(0)+

SζY(0) = Ẏ(0) ∈ T⊥[z]Qm−1, where Sζ denotes the shape operator of Qm−1 with
respect to ζ. Then γ̇ζ(r) is a unit vector normal to the tube Mr of radius r around
Qm−1 at γζ(r) and the tangent space of Mr at γζ(r) is spanned by Y(r). Moreover,
the shape operator S of Mr with respect to N = −γ̇ζ(r) can be determined by the
equation (cf. [3, p. 225])

SY(r) = Ẏ(r).

To determine the principal curvatures ofMr and their corresponding eigenspaces,
we consider the following Jacobi field:

YX(t) =


(1/
√

2t) sin(
√

2t)EX(t), X = Jζ;
(1/
√

2t) cos(
√

2t)EX(t), X ∈ V (A)	 Rζ;
EX(t), X ∈ J(V (A)	 Rζ),

where EX is the parallel vector field along γζ with EX(0) = X. It follows that Mr

has three constant principal curvatures,
√

2 cot(
√

2r), −
√

2 tan(
√

2r) and 0, with
eigenspaces RJζ, V (A) 	 Rζ and J(V (A) 	 Rζ) respectively, of which we have
identified the subspaces obtained by parallel translation along γζ from [z] to γζ(r).

We can see that the unit vector N for Mr is A-principal and the shape operator S
satisfies φS + Sφ = −

√
2 tan(

√
2r)φ. We summarize these observations in the

following theorem.

Theorem 5.1 ([2]). Let M be the tube of radius r ∈ ]0, π/2
√

2[ around the to-
tally geodesic Qm−1 in Qm. Then the normal bundle of M consists of A-principal
singular tangent vectors of Qm, and M has three constant principal curvatures:

α =
√

2 cot(
√

2r), λ = −
√

2 tan(
√

2r), µ = 0.

The corresponding eigenspaces are

Tα = RJN, Tλ = V (A)	 RN, Tµ = J(V (A)	 RN),

and the corresponding multiplicities are

m(α) = 1, m(λ) = m− 1 = m(µ),

where A is a conjugation such that AN = N and N is a unit vector normal to M .
Further, the shape operator S satisfies φS + Sφ = −

√
2 tan(

√
2r)φ.

Theorem 5.1 tells us that a tube around a totally geodesic Qm−1 in Qm is Hopf
and A-principal. We shall show that the converse is also true.
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Theorem 5.2. Let M be a Hopf hypersurface of the complex quadric Qm, m ≥ 3.
Then M is A-principal if and only if M is an open part of a tube around a totally
geodesic Qm−1 in Qm.

Proof. Suppose that M is Hopf and A-principal. For each [z] ∈M , since SH(−1) =
0 and φH(−1) = H(1), after putting X ∈ H(−1) in (4.2), we have αSφX = −2φX,
which implies that α 6= 0 and SφX = −(2/α)φX. By Lemma 4.5, α is a constant;
without loss of generality, we put α =

√
2 cot(

√
2r) with 0 < r < π/2

√
2. Hence

we see that M has three constant principal curvatures:

α =
√

2 cot(
√

2r), λ = − 2
α

= −
√

2 tan(
√

2r), µ = 0.

The corresponding principal curvature spaces are
Tα = Rξ, Tλ = H(1), Tµ = H(−1)

and the corresponding multiplicities are
m(α) = 1, m(λ) = m− 1 = m(µ).

We will use the Jacobi field method again to determine the focal submanifold
of M . As before, denote by γN (s) is the unit speed geodesic in Qm that passes
through [z] ∈M at s = 0 with initial velocity N[z]. Since M is a real hypersurface
in Qm, we may identify the unit normal bundle B(M) as M , and the focal map
Φr([z]) = γN (r).

Let YX be the Jacobi field along γN with initial values YX(0) = X ∈ TxM and
ẎX(0) = −SX. Then

dΦr(σ)X = YX(r).
As N is A-principal, by using (2.2), the normal Jacobi operator RN := R̂(·, N)N

is given by
RNY = Y +BY + 2η(X)ξ.

It follows that RN has two constant eigenvalues, 0 and 2, with corresponding
eigenspaces Tµ and Tλ ⊕ Tα, respectively.

To compute dΦr([z])X, X ∈ T[z]M , we select the Jacobi field

YX(t) =


(
cos(
√

2t)− (α/
√

2) sin(
√

2t)
)
EX(t), X = ξ;(

cos(
√

2t)− (λ/
√

2) sin(
√

2t)
)
EX(t), X ∈ Tλ;

EX(t), X ∈ Tβ ,

(5.1)

where EX is the parallel vector field along γ[z] with EX(0) = X. Then we have
dΦr([z])X = YX(r) = 0 if and only if X = ξ, and we conclude that Φr has constant
rank 2m − 2. It follows that Φr is locally a submersion onto a submanifold M̃ in
Qm of real dimension 2m− 2.

Note that Tλ ⊕ Tµ = D[z] is invariant under J , J is invariant under parallel
translation along geodesics, and the tangent space TΦr([z])M̃ of M̃ at Φr([z]) is
obtained by parallel translation of Tλ ⊕ Tβ along the geodesic γ[z]. Hence M̃ is
a complex (m − 1)-dimensional complex submanifold in Qm, that is, a complex
hypersurface.
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Now we claim that M̃ is totally geodesic. To prove this claim, we note that the
vector ζ = γ̇N (r) is a unit normal vector of M̃ at Φr([z]) and the shape operator
S̃ζ of M̃ in Qm with respect to ζ can be determined by S̃ζX = −ẎX(r), where
X ∈ Tλ ⊕ Tµ and YX is the Jacobi field given by (5.1). First, it is clear that
ẎX(r) = 0 for X ∈ Tβ . Next, as λ = −

√
2 tan(

√
2r) we see that ẎX(r) = 0 for

X ∈ Tλ. Hence, M̃ is a totally geodesic complex hypersurface in Qm.
By the rigidity of totally geodesic submanifolds, M is an open part of a tube

of radius r around a connected, complete, totally geodesic complex hypersurface
M̃ of Qm. According to the classification of totally geodesic submanifolds in Qm

(cf. [12]), M̃ is the totally geodesic complex hypersurface Qm−1 in Qm. This implies
that M is locally congruent to a tube around Qm−1 in Qm. �

6. Contact real hypersurfaces in Qm

Let M be a real hypersurface in a Kaehler manifold M̂ . Denote by Φ(·, ·) :=
〈·, φ ·〉 the fundamental 2-form. If there exists a non-zero function ρ on M such
that dη = ρΦ, then M admits a contact structure. In this case, we call M a contact
real hypersurface in M̂ . Since dη(X,Y ) = 〈(φS+Sφ)X,Y 〉, a real hypersurface M
in M̂ is contact if and only if

φS + Sφ = ρφ (6.1)
for some non-zero function ρ on M .

Theorem 6.1. Let M be a real hypersurface in Qm. Then M is contact if and
only if M is an open part of a tube around a totally geodesic Qm−1 in Qm.

Proof. Suppose that M is a contact real hypersurface, thas is, it satisfies (6.1).
Then it is clear that M is Hopf. Furthermore, ρ must be a non-zero constant
(cf. [4]). We first consider the case where M is neither A-isotropic nor A-principal.
Then there exists an open subset U ⊂ M on which 0 < k < 1. Without loss of
generality, we assume U = M .

Let λ, µ, t, ω and E be as stated in Lemma 4.3. We can assume that E is a
unit vector. By the Codazzi equation, we have

0 = 〈(∇ES)φE − (∇φES)E, V ◦〉
= 〈(tI− S)∇EV ◦, φE〉 − 〈(tI− S)∇φEV ◦, E〉
= −tg(λ+ µ)− t(λ− µ)〈BE,φE〉+ 2gλµ.

(6.2)

Similarly, we compute
0 = 〈(∇ES)φE − (∇φES)E, φV 〉

= 〈(tI− S)∇EV ◦, φE〉 − 〈(tI− S)∇φEV ◦, E〉
= ωf(λ+ µ)− ω(λ− µ)〈BE,E〉 − 2fλµ.

(6.3)

It follows from (4.4)–(4.5) and (6.2)–(6.3) that (ξα){(λ + µ)tω − (t + ω)λµ} = 0.
By applying Lemma 4.3 and the fact that λ+µ = ω+t = ρ, we obtain (ξα)ρk2 = 0
and hence ξα = 0.

Since V ◦ and φV are orthogonal, we obtain g(t−α) = f(ω−α) = 0 by (4.6). If
fg 6= 0, then t = ω = α. But these imply that α = (t+ ω)/2 = ρ/2 is a constant,
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a contradiction to Lemma 4.5. Hence we have either f = 0 or g = 0. Without loss
of generality, we assume g = 0, hence f 6= 0 and α = ω = ρ − t. By substituting
these into the second equation in Lemma 4.3, we get −2α2 + ρα− 2 + 2k2 = 0. By
applying Lemma 3.3 (c) and (4.1), we see that

0 = (−4α+ ρ) gradα+ 2 grad(k2) = −2f(−4α+ ρ)V − 2 grad(f2) = −3ρ.

This is a contradiction. Consequently, M is either A-isotropic or A-principal. It is
clear that N is not A-isotropic everywhere (for otherwise we have 2ρφV = (φS +
Sφ)V = 0 by virtue of Lemma 3.5, which is impossible). Hence M is A-principal.
According to Theorem 5.2, M is an open part of a tube around a totally geodesic
Qm−1 in Qm.

Conversely, as shown in Theorem 5.1, the shape operator of a tube of radius r
around a totally geodesic Qm−1 in Qm satisfies φS+Sφ = −

√
2 tan(

√
2r)φ. Hence

it is contact, and this completes the proof. �

Remark 6.2. Contact real hypersurfaces in Kaehler manifolds with constant mean
curvature were studied in [4].

Next, we study real hypersurfaces M in Qm under a weaker version of (6.1), i.e.,

φ(φS + Sφ− ρφ)φ = 0, (6.4)

for some function ρ on M . We shall first derive some identities from the condition
(6.4). Note that (6.4) is equivalent to

〈(φS + Sφ− ρφ)Y,Z〉 = 0

for any vector fields Y and Z in D. Differentiating this equation covariantly in the
direction of X in D we get
〈φSY,∇XZ〉+ 〈(∇Xφ)SY + φ(∇XS)Y + φS∇XY,Z〉

+ 〈SφY,∇XZ〉+ 〈(∇XS)φY + S(∇Xφ)Y + Sφ∇XY,Z〉
− dρ(X)〈φY,Z〉 − ρ〈φY,∇XZ〉 − ρ〈(∇Xφ)Y + φ∇XY, Z〉 = 0.

By using (3.1) and (6.4), this equation can be rewritten as
−〈Z, φSξ〉〈φSX, Y 〉+ 〈Y, φSξ〉〈φSX,Z〉 − 〈(∇XS)Y, φZ〉+ 〈(∇XS)Z, φY 〉

+ η(SY )〈SX,Z〉 − η(SZ)〈SX, Y 〉 − dρ(X)〈φY,Z〉 = 0.
(6.5)

Now by replacing X,Y and Z cyclically in (6.5) and then summing these equations,
with the help of the Codazzi equation, Lemma 3.2 (e) and (6.4), we obtain

S(ρ〈X,φSξ〉+ dρ(X))〈φY,Z〉 = 0,

where S denotes the cyclic sum over X,Y and Z. Let X be an arbitrary vector
in D. Since m ≥ 3, we may take Y ⊥ X,φX and Z = φY in the above equation to
obtain

ρ〈X,φSξ〉+ dρ(X) = 0
for any X in D.
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In a special case where ρ is a non-zero constant, the above equation implies that
φSξ = 0, which means that ξ is principal and so (φS+Sφ−ρφ)ξ = 0. Consequently,
we have φS+Sφ−ρφ = 0, for some non-zero constant ρ, and hence it follows from
Theorem 6.1 that we have proved the following result.

Theorem 6.3. Let M be a real hypersurface in Qm, m ≥ 3. Then M satisfies

φ(φS + Sφ− εφ)φ = 0

for some constant ε 6= 0 if and only if M is an open part of a tube around a totally
geodesic Qm−1 in Qm.

Remark 6.4. Theorem 6.3 was proved in [14] for real hypersurfaces in non-flat
complex space forms.

7. Pseudo-Einstein real hypersurfaces in Qm

Suppose that M is pseudo-Einstein, that is,

RicX = aX + bη(X)ξ, (7.1)

where a, b are constants. By (3.3), we see that M is pseudo-Einstein if and only if

PX = (2m−a−1)X− (3 + b)η(X)ξ+ 〈X,V 〉V + 〈X,Bξ〉Bξ−fBX−gθX, (7.2)

where P := S2 − hS.

Lemma 7.1. Let M be a pseudo-Einstein real hypersurface in Qm, m ≥ 3. If
b 6= 0, then M is Hopf.

Proof. It follows from the hypothesis (7.1) that

(∇X Ric)Y = b{〈φSX, Y 〉ξ + η(Y )φSX}.

Take an orthonormal basis {e1, . . . , e2m−1} on T[z]M . Then

X(Trace Ric) =
2m−1∑
j=1
〈(∇X Ric)ej , ej〉 = 0,

div Ric(X) =
2m−1∑
j=1
〈(∇ej

Ric)X, ej〉 = b〈φSξ,X〉.

By the well-known formula d(Trace Ric) = 2 div Ric, we obtain bφSξ = 0. Hence
we conclude that M is Hopf if b 6= 0. �

Theorem 7.2. Let M be a pseudo-Einstein real hypersurface in Qm, m ≥ 3. Then
M is either A-principal or A-isotropic.

Proof. Suppose that M is neither A-principal nor A-isotropic. Then there exists
an open subset U ⊂M on which 0 < f < 1 and g = 0. Without loss of generality,
we assume U = M . It follows from (7.2) that Pξ = (2m−a−2−2k2−b)ξ−2fφV .
If b 6= 0, then M is Hopf by Lemma 7.1 and so (α2 − hα)ξ = (2m− a− 2− 2k2 −
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b)ξ − 2fφV , which implies that f = 0, a contradiction. Hence we have b = 0. It
follows that P has at most five distinct eigenvalues:

σ0 = 2m− a, σ1 = 2m− a− 1− f, σ2 = 2m− a− 1 + f,

σ3 = 2m− a− 2− 2k, σ4 = 2m− a− 2 + 2k,

with eigenspaces

T0 = RV, T1 = H(1), T2 = H(−1), T3 = RW3, T4 = RW4,

where

W3 = rξ + s

k
φV, W4 = −sξ + r

k
φV, r =

√
1 + k, s =

√
1− k.

Since f, k > 0 and f2 + k2 = 1, we can easily verify the following:

σ0 /∈ {σ1, σ2, σ3, σ4}
σ1 /∈ {σ0, σ2, σ3, σ4}
σ3 /∈ {σ0, σ1, σ2, σ4}

 .

Since PS = SP , we conclude that

SH(1) ⊂ H(1), SV = tV, SW3 = κW3,

where t and κ are functions satisfying

t2 − ht = σ0, κ2 − hκ = σ3. (7.3)

Let
U := SW4 − τW4 ∈ H(−1), τ = 1

2 〈SW4,W4〉.

A straightforward calculation gives
BW3 = W4,

grad r = stk−1V, grad s = −rtk−1V

grad(sk−1) = −r(2− k)tk−3V, grad(rk−1) = −s(2 + k)tk−3V

(φS + Sφ)W3 = −s(κ+ t)k−1V, (φS + Sφ)W4 = −r(τ + t)k−1V + φU

SφSW3 = −sκtk−1V, SφSW4 = −rτtk−1V + SφU

φBSW3 = −rκk−1V, φBSW4 = −sτk−1V − φU
SBφW3 = sftk−1V, SBφW4 = rftk−1V.


(7.4)

By applying (7.4), we compute

(∇XS)W3 = (Xκ)W3 + (κI− S)∇XW3

= (Xκ)W3 −
r(2− k)t

k3 〈X,V 〉(κI− S)φV + 2(κ− t)
rk

〈X,SBξ〉V

+ r

k
(κI− S)φSX − s

k
(κI− S)φBSX.
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By the Codazzi equation, we have

0 = 〈(∇XS)Y − (∇Y S)X,W3〉+ 2r
{
〈φX, Y 〉 − 〈X,V 〉〈Y,Bξ〉 − 〈Y, V 〉〈X,Bξ〉

k

}
= (Xκ)〈Y,W3〉 −

r(2− k)t
k3 〈X,V 〉〈Y, (κI− S)φV 〉

− (Y κ)〈X,W3〉+ r(2− k)t
k3 〈Y, V 〉〈X, (κI− S)φV 〉

− 2(κ− t)
rk

〈X,V 〉〈Y, SBξ〉 − 2r
k
〈X,V 〉〈Y,Bξ〉+ st

k
〈X,V 〉〈Y, Sξ〉

+ 2(κ− t)
rk

〈Y, V 〉〈X,SBξ〉+ 2r
k
〈Y, V 〉〈X,Bξ〉 − st

k
〈Y, V 〉〈X,Sξ〉

+ 2r〈φX, Y 〉+ r

k
〈κ(φS + Sφ)X − 2SφSX, Y 〉 − sκ

k
〈(φBS + SBφ)X,Y 〉.

(7.5)
Next we claim that U = 0. For otherwise, we have σ2 = σ4 or 1+f = 2k. It follows
that f = 3/5. Hence t = 0 and so 2m−a = 0 by Lemma 3.3 and (7.3). By putting
X = W4 and Y ∈ H(1) in (7.5), we obtain r〈κφU − 2SφU, Y 〉 + sκ〈φU, Y 〉 = 0.
Since SH(1) ⊂ H(1), we have SφU = µφU , where

µ = r + s

2r κ = 2
3κ.

Since µ2 − hµ = σ1 = −8/5, we have
4
9κ

2 − 2
3hκ = −8

5 .

Comparing with (7.3), we obtain κ2 = −18/5, a contradiction. Hence we conclude
that U = 0 or SW4 = τW4 and so

τ2 − hτ = σ4. (7.6)
Moreover, we have SH(ε) ⊂ H(ε), φSφH(ε) ⊂ H(ε) and (SB − BS)H(ε) = 0 for
any ε ∈ {1,−1}.

Let X ∈ H; replacing X by φX in (7.5) gives
−2rkX + rκ(φSφX − SX)− 2rSφSφX − sκ(φBSφX − SBX) = 0.

By taking the transpose of this equation, we obtain
−2rkX + rκ(φSφX − SX)− 2rφSφSX − sκ(φSBφX −BSX) = 0.

It follows that
2r(φSφS − SφSφ)X = sκφ(SB −BS)φX − sκ(BS − SB)X = 0

for any X ∈ H. This implies that S|H(−1) and φSφ|H(−1) are simultaneously
diagonalized by orthonormal vectors X1, . . . , Xm−2 in H(−1), say

SXj = λjXj , φSφXj = −µjXj , j ∈ {1, . . . ,m− 2}.
It follows that

λ2
j − hλj = σ2. (7.7)
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Moreover, since each φXj ∈ H(1) and SφXj = µjφXj , we also have

µ2
j − hµj = σ1. (7.8)

Letting X = Xj and Y = φXj in (7.5) gives

2rk + rκ(λj + µj)− 2rλjµj + sκ(λj − µj) = 0,

which can be rewritten as

{(1− k + f)λj − (1− k − f)µj}κ = 2f(λjµj − k). (7.9)

By a similar calculation, we have

(∇XS)W4 = (Xτ)W4 −
s(2 + k)t

k3 〈X,V 〉(τI− S)φV + 2(τ − t)
sk

〈X,SBξ〉V

+ s

k
(τI− S)φSX − r

k
(τI− S)φBSX

and

0 = (Xτ)〈Y,W4〉 −
s(2 + k)t

k3 〈X,V 〉〈Y, (τI− S)φV 〉

− (Y τ)〈X,W4〉+ s(2 + k)t
k3 〈Y, V 〉〈X, (τI− S)φV 〉

− 2(τ − t)
sk

〈X,V 〉〈Y, SBξ〉 − 2s
k
〈X,V 〉〈Y,Bξ〉+ rt

k
〈X,V 〉〈Y, Sξ〉

+ 2(τ − t)
sk

〈Y, V 〉〈X,SBξ〉+ 2s
k
〈Y, V 〉〈X,Bξ〉 − rt

k
〈Y, V 〉〈X,Sξ〉

− 2s〈φX, Y 〉+ s

k
〈τ(φS + Sφ)X − 2SφSX, Y 〉 − rτ

k
〈(φBS + SBφ)X,Y 〉.

(7.10)

Similarly, putting X = Xj and Y = φXj in (7.10) gives

{(1 + k + f)λj − (1 + k − f)µj} τ = 2f(λjµj + k). (7.11)

In the following calculation, we replace λj and µj by λ and µ respectively for
simplicity. First, eliminating the variable h in (7.3) and (7.6)–(7.8) gives

µλ2 = (µ2 + 1 + f − σ0)λ+ (σ0 − 1 + f)µ, (7.12)
µκ2

ε = (µ2 + 1 + f − σ0)κε + (σ0 − 2− 2εk)µ, (7.13)

where ε ∈ {1,−1} and we have put κ1 = κ and κ−1 = τ . Using this unified
notation, (7.9) and (7.11) can be expressed as

{(1− εk + f)λ− (1− εk − f)µ}κε = 2f(λµ− εk). (7.14)

It follows from (7.13)–(7.14) that

2µf2(λµ− εk)2 = (µ2 + 1 + f − σ0)f(λµ− εk) {(1− εk + f)λ− (1− εk − f)µ}

+ µ

2 (σ0 − 2− 2εk) {(1− εk + f)λ− (1− εk − f)µ}2 .
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By applying (7.12), we can eliminate the variable λ2 in the preceding equation and
obtain

k2{(µ2C1+C2)λ+(−µ2C1+C3)µ}+εk{(µ2C4+C5)λ+(µ2C6+C7)µ} = 0, (7.15)

where

C1 = 2f − σ0

C2 = 2f(1 + f) + (1− f)σ0 − σ2
0

C3 = −2f(1 + f)− (1− 3f)σ0 + σ2
0

C4 = −2f(1 + f) + σ0

C5 = −2f(1 + f)2 + (−1 + f + 2f2)σ0 + σ2
0

C6 = 2f(1− f)− σ0

C7 = 2f(1− f2) + (1− 3f)σ0 − σ2
0 .

After substituting ε = ±1 in (7.15), we have

(µ2C1 + C2)λ+ (−µ2C1 + C3)µ = (µ2C4 + C5)λ+ (µ2C6 + C7)µ = 0. (7.16)

It follows that
− 2C1µ

4 +D1µ
2 +D2 = 0, (7.17)

where

D1 = C1(C5 + C7) + C2C6 − C3C4

2f2 = −8f(1 + f) + 8fσ0 + σ2
0 ,

D2 = C2C7 − C3C5

2f2 = −4f(1 + f)2 + (−2 + 4f + 6f2)σ0 + (3− f)σ2
0 − σ3

0 .

On the other hand, by using (7.12) and the first equation of (7.16), we obtain

C1µ
4 +D3µ

2 +D4 = 0, (7.18)

where

D3 = C1{3C2 − C3 + 2σ0(σ0 − 1)} − 2C3σ0

4f2 = 4f(1 + f)− 4fσ0 − σ2
0 ,

D4 = C2{C2 − C3 + 2σ0(σ0 − 1)}
4f2 = 2f(1 + f)2 + (1− 2f − 3f3)σ0 − 2σ2

0 + σ3
0 .

It follows from (7.17)–(7.18) that σ2
0(µ2 + 1 + f − σ0) = 0. If σ0 = 0, then (7.18)

reduces to (µ2 + 1 + f)2 = 0, which implies that f < 0, a contradiction. Hence
we have µ2 + 1 + f − σ0 = 0. After substituting this back into (7.18), we obtain
1+f−σ0 = 0. Since σ0 is a constant, f is also a constant. By virtue of Lemma 3.3,
we have t = 0 and so (7.3) implies that σ0 = 0, a contradiction. Consequently, this
case does not exist. �

Theorem 7.3. Let M be a real hypersurface of the complex quadric Qm, m ≥ 3.
Then M is pseudo-Einstein, that is, it satisfies (7.1), if and only if one of the
following holds:
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(a) M is an open part of a tube of radius r around a totally geodesic Qm−1 in
Qm where a = −b = 2m and 2 cot2(

√
2r) = m− 2.

(b) m = 3, a = 6, b = −4 and M is a A-isotropic Hopf hypersurface with
principal curvatures 0, λ and 1/λ. The corresponding principal curvature
space for 0 is H⊥. Moreover, λ2 6= 1 on an open dense subset of M .

Proof. Suppose that M is pseudo-Einstein. According to Theorem 7.2, we have
two cases: M is A-principal and M is A-isotropic.
Case I. M is A-principal.

In this case, we have f = 1, g = 0 and V = 0. Hence, (7.2) is descended to
PX = (2m− a− 1)X − (2 + b)η(X)ξ −BX.

Since SH(−1) = 0, we obtain 2m− a = 0 and hence
PX = −X − (2 + b)η(X)ξ −BX.

We claim that M is Hopf. Suppose that M is not Hopf. Then we have b = 0 by
Lemma 7.1. It follows that PX = −2 for any X ⊥ H(−1). Furthermore, M has
three distinct principal curvatures (for otherwise M must be Hopf): 0, λ and µ,
with multiplicities m−1, m1 and m−m1 respectively, where λ and µ are solutions
for

z2 − hz + 2 = 0.
Hence, we have λ+ µ = h and λµ = 2 so that

0 = m1λ+ (m−m1)µ− h = (m1 − 1)λ2 + 2(m−m1 − 1)
λ

.

This contradicts the fact m ≥ 3. Hence the claim is proved.
By Theorem 5.1 and Theorem 5.2, we conclude that M is an open part of a

tube of radius r ∈ ]0, π/2
√

2[ around the totally geodesic Qm−1 in Qm, and M has
three constant principal curvatures,

α =
√

2 cot(
√

2r), λ = −
√

2 tan(
√

2r), µ = 0,
with multiplicities 1, m− 1, m− 1 respectively. It follows that

h = α+ (m− 1)λ.
Moreover, α and λ satisfy

α2 − hα+ 2 + b = 0, λ2 − hλ+ 2 = 0.
By using these equations, we obtain cot2(

√
2r) = (m − 2)/2 and b = −2m. This

gives statement (a) in the theorem.
Case II. M is A-isotropic.

In this case, we have f = 0 and SV = SφV = 0. Hence, 2m − a = 0 and (7.2)
is descended to

PX = −X − (3 + b)η(X)ξ + 〈X,V 〉V + 〈X,φV 〉φV.
It follows that P has at most three distinct eigenvalues,

σ0 = 0, σ1 = −1, σ2 = −4− b,
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with eigenspaces
T0 = RV ⊕ RφV, T1 = H, T2 = Rξ.

If σ2 /∈ {σ0, σ1}, then M is Hopf as dim T2 = 1. On the other hand, if σ2 ∈ {σ0, σ1},
then b 6= 0 and so M is also Hopf by Lemma 7.1. Hence, we conclude that M is
Hopf in this case. We take an orthonormal basis {X1, . . . , Xm−2, φX1, . . . , φXm−2}
in H such that

SXj = λjXj , SφXj = µjφXj , j ∈ {1, . . . ,m− 2}.

By (4.2), we have
2λjµj − α(λj + µj)− 2 = 0. (7.19)

Moreover, all λj and µj must be solutions of

z2 − hz + 1 = 0. (7.20)

We consider

Ej = {[z] : λj = µj}; E =
m−2⋂
j=1
Ej .

If Int E 6= ∅, then we have φS − Sφ = 0 on Int E and by a result in [7], there are
four principal curvatures: α = 2 cot 2r, λ1 = cot r, λ2 = − tan r, β = 0. The
corresponding principal curvature spaces are

Tα = Rξ, Tλ1 , Tλ2 , Tβ = RV ⊕ RφV,

where φTλ1 = Tλ1 , φTλ2 = Tλ2 and H = Tλ1 ⊕ Tλ2 . Since λ1, λ2 are solutions of
(7.20), we have λ1λ2 = 1. This is a contradiction and so Int E = ∅.

Without loss of generality, we assume that Ec1 6= ∅. It follows that λ1, µ1 are
distinct solutions of (7.20) on Ec1 . Hence, λ1 + µ1 = h and λ1µ1 = 1. Substituting
these into (7.19) gives hα = 0. Hence, α = 0 in view of (7.20) and so 4 + b =
−σ2 = 0.

Suppose that m ≥ 4. If there exists i ∈ {2, . . . ,m− 2} such that Ec1 ∩ Int Ei 6= ∅,
then we have λi = µi ∈ {λ1, µ1}, say λi = λ1, as there are only three principal
curvatures in this case. It follows from (7.19) that λ2

i = 1 = λ1µ1. This contradicts
the fact that λ1 6= µ1. Hence we conclude that Ec1 ⊃ ∩m−2

j=1 Ecj 6= ∅. It follows that

h = (m− 2)(λ1 + µ1) = (m− 2)h.

This is a contradiction. Hence m = 3 and Ec = Ec1 , which is open and dense in M .
This gives statement (b). The converse is trivial. �

Remark 7.4. Pseudo-Einstein Hopf hypersurfaces in Qm were studied in [19].
However, the classification was inaccurate as the real hypersurfaces listed in [19,
Main Theorem 2 (ii)] are not pseudo-Einstein. As we have verified in the proof
of Theorem 7.3, if such a real hypersurface is pseudo-Einstein, two of its principal
curvatures λ1 = cot r and λ2 = − tan r must be solutions for (7.20), which is clearly
impossible. Unfortunately, this argument was overlooked by [19, Remark 6.2].

Rev. Un. Mat. Argentina, Vol. 63, No. 1 (2022)



90 TEE-HOW LOO

Remark 7.5. The author does not know any example of the real hypersurfaces
stated in Theorem 7.3 (b). However, even if it exists, this example is local in the
sense that it is not extendible to a complete real hypersurface on the basis of
Theorem 7.6 below.

Theorem 7.6. Let M be a complete real hypersurface of the complex quadric Qm,
m ≥ 3. Then M is pseudo-Einstein, that is, it satisfies (7.1), if and only if it
is congruent to a tube of radius r around a totally geodesic Qm−1 in Qm where
a = −b = 2m and 2 cot2(

√
2r) = m− 2.

Proof. Suppose that M is complete pseudo-Einstein and satisfies the properties in
Theorem 7.3 (b). Then we have f = g = 0 and k = 1. Consider a unit vector
field X tangent to H with SX = λX and SφX = (1/λ)φX. Furthermore, taking
the reciprocal if necessary, we have λ2 ≥ 1. Note that 〈S, S〉 = λ2 + (1/λ)2 ≥ 2,
with equality holding if and only if λ2 = 1. Since M is compact, 〈S, S〉 is bounded.
Suppose that the maximum for 〈S, S〉 is attained at a point [z] ∈M . Then λ2 > 1
and so λ is differentiable at [z] by Theorem 7.3 (b).

By the Codazzi equation, we have
〈(∇XS)V − (∇V S)X,X〉 = −〈BX,X〉.

At the points on which λ is differentiable, by applying Lemma 3.3 and Lemma 3.5
to the preceding equation, we have

V λ = (1 + λ2)〈BX,X〉. (7.21)
Similarly, we have

φV λ = 〈(∇φV S)X,X〉 = 〈(∇XS)φV,X〉 − 〈BX,φX〉
= −(1 + λ2)〈BX,φX〉.

(7.22)

Since [z] is a critical point, it follows from (7.21)–(7.22) that 〈BX,X〉 = 〈BX,φX〉 =
0 at the point [z]. Since dimH = 2 and BH ⊂ H, we get BX = 〈BX,X〉X +
〈BX,φX〉φX = 0. This is a contradiction and the proof is complete. �
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