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ON AN EXTENSION OF THE NEWTON POLYGON TEST
FOR POLYNOMIAL REDUCIBILITY

BRAHIM BOUDINE

ABSTRACT. Let R be a commutative local principal ideal ring which is not
integral, f a polynomial in R[z] such that f(0) # 0 and N(f) its Newton
polygon. If N(f) contains r sides of different slopes, we show that f has at
least r different pure factors in R[z]. This generalizes the Newton polygon
method over a ring which is not integral.

1. INTRODUCTION

Let (R, 7R, k) be a commutative local principal ideal ring which is not integral,
where 7R is its maximal ideal for an element 7 € R, and k its residual field. It is
easy to show that R is a chain ring (all its ideals form a chain under inclusion) and
its ideals are powers of mR. Then, R is the unique prime ideal in R, and it follows
that R is a special principal ideal ring which is not a field (see [2 Definition 14.3]).
Therefore, 7R = Nil(R), and 7 is nilpotent. Let e be the index of nilpotency of .
By abuse of notation, we shall often write k in place of U(R) U {0}, where U(R) is
the set of units of R. Then, we get the same result as that obtained by Dinh and
Lopez-Permouth in [6], that the ideals of R are

(0)cn'Rc... ctRCR.

Further, it is easy to show that the result obtained by McDonald in [12] pp. 339
341] holds in our case:

Vo € R, Iug, ..., ue1) €L, o =1up+uim+ ... +u_ 17",
K[X]/(f(X)™) is an example of an special principal ideal ring which is not integral,
where K is a field, f is an irreducible polynomial in K[X], and n is a positive
integer.

Since R contains a finite number of ideals, it is a complete ring (see [7, p. 182]).
As well, Theorem 2.3 in [I4] shows that R is a Henselian ring, that is, a ring in
which Hensel’s lemma holds [I} p. 134].
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Lemma 1.1 (Hensel’s lemma). Let R be a complete local Noetherian ring and let
f be in Rlx] such that f = g1 X ... X gx in k[x], where ¢1,...,gr are pairwise
coprime polynomials in k[x]. Then, there are G1,...,Gy € R[z] such that

f=Gy x... xGy in R[z],
Gi=g; Vie{l,...,k}.

We already proved in [4] that every polynomial in R[z] can be written as 7% f,
where v is an integer and f is a primitive polynomial. Moreover, in the same paper,
we proved that every primitive polynomial is associated with a monic polynomial.
Then, the study of the polynomial factorization will be reduced to the case of monic
polynomials.

In this paper, we investigate the factorization of monic polynomials which satisfy
f(0) € TR. So we can easily generalize the Eisenstein criterion.

Lemma 1.2. Let f(z) = ap + ... + apz™ be a monic polynomial in R[x], where
ao & ™R and a; € TR for every i € {0,...,n —1}. Then, f is irreducible.

Proof. Assume that f = gh. We can assume that g and h are monic polynomials.
Moreover, f = ™ = gh, then § = "5 and h = z° for some positive integer s.
Thus, g = 7g’ + 2" ° and h = wh’ 4+ * for some polynomials ¢’ and A’ in R[x].
Therefore, ag = g(0)h(0) € 2R, which contradicts our assumption. O

That may be sufficient when ag ¢ 72R, but we need something stronger for the
general case of monic polynomials satisfying f(0) € mR. Therefore we extend the
Newton polygon method.

The Newton polygon was introduced by Ore [I3] over a field of p-adic numbers,
generalized later to any valued field by Cohen et al. [5] and fantastically developed
by Guardia et al. [I0], Khanduja and Kumar [II], and El Fadil [8]. In this work,
we generalize the techniques of Newton polygons over a ring not even integral.

The second section will be devoted to presenting all the necessary tools and in-
teresting lemmas that we will need to prove our main result, which will be presented
in the last section.

2. PRELIMINARIES AND LEMMAS

Throughout this paper, R means the special principal ideal ring (R, 7R, k,€)
which is not a field, 7R its maximal ideal, k its residual field and e the index of
nilpotency of .

We define V as follows:

Vi) = max{k € N |z € 7R} %fm;éo,
400 ifx=0.

We remark the following statements:
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NEWTON POLYGON TEST FOR POLYNOMIAL REDUCIBILITY 17

o V(xy) > V(x) + V(y) for every z,y € R, and the equality holds when
xy # 0.
o V(z+y) > min(V(z),V(y)) for every =,y € R, and the equality holds
when V(x) # V(y).
Let f(X)=ap+a1 X +... +an_1 X" '+ X" be a monic polynomial in R[X] such
that ag # 0. The Newton polygon N(f) of f is the lower boundary of the convex
hull of the set {(¢,V(a;)) |7 € {0,...,n} and a; # 0} (see []).

If N(f) contains the sides Si,..., S, of several slopes 0 > —A; > ... > —\,
respectively, where for each ¢ € {1,...,r} the initial point of S; is (z;—1,y;—1) and
its final point is (x;, y;), then f is called of type (I1, —A1;l2, —A2;...; L., —A.), where
l; = x; — x;—1 is the length of S; for every ¢ € {1,...,7} (see [3]). Furthermore,
if N(f) has only one side, then f is called a pure polynomial [3]. Notice that the
following statements are equivalent:

(1) f is pure and the slope of N(f) is equal to —A.
(2) V(ap) =nA, and V(a;) > (n —i)A for each i € {0,...,n}.

Lemma 2.1. Let f and g be two pure monic polynomials in R[X] for which N ()
and N(g) have the same slope —\ and f(0).g(0) # 0. Then, fg is also a pure
monic polynomial and N(fg) has the same slope —\.

Proof. Let
fxy=ap+a1 X +... +a, 1 X"+ X",
g(x) =bo+ b1 X + ... +bp X"+ X™
Since f and g are pure,

V(ag) = nA, V(bp) = mA,

Vi€ {0,...,n}, V(a;) > (n—19)A, Vi e {0,...,m}, V(b;) > (m — i)
Set f(z)g(x) = co+cr X +... +cpnpm1 X L4 XM where ¢; = Z?@:O arbi_k
withap, =0ifk>nork<Oand b, =0if k>mor k <0.

(1) V(co) = V(aobo) = V(ag) + V(bo) = nA +mA = (n +m)A since agbo # 0.

(2) V(ci) = V(X oo arbi—r) = min(V(agbi—x) | k € {0,...,i}). For k €

{0,...,i}, Vi{arbi—k) = Viak) + V(bi—k) = (n — k)A+ (m — i+ k)A =
(n+m—i)X. Then, V(¢;) > min(V(arbi—k) | k € {0,...,i}) > (n+m—i)A.
Therefore, fg is pure and the slope of N(fg) is —A. O
Lemma 2.2. Let f € R[x] be a monic polynomial of type (l1,—MA1;la, —Xa;...;
lr,—\r), where deg(f) = >_'_, l;, and let g € R[z] be a pure monic polynomial of

type (Ip41, —Ary1) where Ay > Ay and deg(g) = Loy1. If £(0)g(0) # 0, then fg is
a monic polynomial of type (l1, —A1;la, —Xo; .. 5 by = Arj b1, —Arg1)-

Proof. Set s; = 3 I; and
k=1

f(m) =ap+a X +... + anle"_l + X
g(@) =by+ b1 X+ ... +bp 1 X4 X™
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18 BRAHIM BOUDINE

Then:

e Vie{l,...,r}, Vias,) = > IlpAk.
k=it1
Vie{l,...,r}, if j <s;, then V(a;) > V(as,) + (si — J)\i.

[
o Vie{l,...,r—1},if j > s, then V(a;) > V(as,) — (J — si)Ait1-
o Vi(by) = lry1Art1-
e Vi€ {0, PN ,m}, V(bz) Z (lr+1 - ’i))\r+1.
r+1
Sett; = > LiAand f(2)g(x) =cotcr X +... +cnim1 XM= X7 where
k=it1

i
ci= > agbi_p withap =0ifk>nork <0and b, =0if k>mor k <0.
k=0
We should prove the following statements:

r+1
(1) Vie{l,...,r}, Vics,) = > IlpAk.
k=it+1
(2) Yied{l,...,r+1},if j < sy, then V(c¢;) > V(cs,) + (t: — 5) .
(3) Vi € {1, - ,'I’}, lf] > t;, then V(Cj) > V(Csi) — (] — ti))\i+1.

Let us proceed.

Si

(1) Letcs, = > apbs,—g. Notice that ¢, , = anby, = 1. Therefore, V(c,,,,) =
k=0

0. Suppose now that ¢ < r+ 1 and set k € {0,...,s;}. If k = s;, we get

r+1
V(akbs,—k) = V(as,bo) = > 1jA; since as;bo # 0 (V(as,) < V(ag) and

j=i1+1
apbg # 0). Else, let k € {0,...,s; — 1}. We have

Viag) > Vias,) + (si — k) A,
V(bs,—k) = (lp41 = (si = k) Arg1.

r+1

Therefore, V(arbs,—x) > V(ar)+V(bs,—x) > > Ldp+(si—k)(Ai=Ary1).
k=il
r+1 r+1
Since A; > Apg1, V(agbs,—x) > > lAg. Thus, Vies,) = Y. g
k=i+1 _ k=i+1

j
(2) Let ¢ € {1,...,7+ 1} and j < s;; then ¢; = > agbj_g. For any k €
k=0
{0,...,7}, we have the following inequalities:

Viar) = V(as,) + (si = k)N,
>

V(bj—i) = (41— (5 — k) At
r+1
Therefore, V(axbj—x) > V(ar) +V(bj_i) > > e+ (si — k)X — (j —
k=it+1

k)Ar41. However, (si—k)Ai —(j—k)Ary1 = (si = )X+ (G —k)(Ai = Aps1) >
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NEWTON POLYGON TEST FOR POLYNOMIAL REDUCIBILITY 19

r+1
(si—j)Ai. Thus, V(agbj—r) > > ledp+(si—j)Aiforevery k € {0,...,j}.
k=itr1
r+1
Hence, V(c;) > >0 lpdp + (si — )N = V(es,) + (56 — J)Nie
k=i+1

J
3) Let i € {1,...,r} and j > s;; then ¢; = arbi_. If kK <'s;, we have the
J J J
k=0

following inequalities:

Viag) > Vias,) + (si — k)i,
Vi(bj—i) 2 (41 = (G = k) Arsa.

Then we get like in the previous part, V(agbj_x) > V(cs,). If k > s, we
have the following inequalities:

Vag) > V(as,) — (k — si)Nit1,
V(bj—k) > (brp1 — (G — k) Ars1-

Then, V(akbj_k) > V(ak) + V(bj_k) > V(Csz.) - (k - Si)>\i+1 — (] - ]{1)/\7-+1.
However, —(k = si)Ait1 — (J — k)Ari1 = —(J — si)Nip1 + (G — k) (Nig1 —
Ar41) = —(§ — 8i)Ait1. Therefore, V(agbj—r) > Vcs,) — (j — $i)Aig1 for

any k € {0,...,7}. Thus, V(c;) > V(cs,) — (7 — 8i)Nit1-
This proves that fg is a monic polynomial of type (I1, —A1; 12, —Ao; .. .5 L1, —Arr1).
O

Definition 2.3. Let A € Q1 and let % be its irreducible form. We define the
function V) by

Vy R[x] - NU {400}

Lemma 2.4. The function V) satisfies the following properties:

e V\(f) =+o0 if and only if f =0.
e Vf,g € R[z], Va(f + g) > min(VA(f), Va(9))-

Proof. Let f(z) =ap+a1z+... +apz™ and g(x) = bg+ b1z + ... + by, z™, where
m<mn,b,=0if k>manda, =0if k > n.

e V\(P) = +oo if and only if for every k € {0,...,n}, ¢V (ar) + pk = +oo.
This means that V(ax) = +o00. Thus, a; = 0 for every k € {0,...,n}.
e For any k € {0,...,n}, we have V(ay + br) > min(V (ax), V(by)).
Then, Vy(f + g) > min{gmin(V(ax),V(bx)) + pk | k € {0,...,n}} >
min(Vi(f), Va(9))-
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20 BRAHIM BOUDINE

e Set f(z)g(x) = Z c;xt, where ¢; = Y agb;_y forevery i € {0,...,n+m}.
i=0 k=0
Assume that

r=min{k € {0,...,n} | Vx(f) = ¢V (ar) + k.p},
s =min{k € {0,...,m} | Va(g) = ¢V (bx) + k.p}.
V(ag) (ar) + (r — k)AVEk € {0,...,n},
V(bg) (bs) + (s — k)AVk € {0,...,m}.
Thus, V(agbi—x) > V(ag) + V(bi—x) > V(a,) + V(bs) + (r + s — i)\ for
every k € {0,...,i}. Therefore, ¢V (arb;i—i) +p.i > q(V(a,) + V(bs) + (r +
s—i)A) +p.i =Va(f) +Va(g). Thus, ¢V (c;) +p.i > Vo(f)+ Va(g) for each

i€{0,...,m+n}. Hence, Vx(fg) > Va(f) + Va(g). Then, for i =r + s, if
k€ {0,...,r+ s}, we distinguish some cases:

Then,

>V
>V

Case 1: k < r. In this case, by the definition of r, we get V(ar) > V(a,) +
(r—k)A. Thus, ¢V (agbris—k)+p(r+s) > qV(ag)+qV (bris—k) +p(r+s) >
VA(f) + Valg)-

Case 2: k > r. Likewise, by the definition of s, we get V(b,ys—r) >
V(bs) + (=7 + k)X, Thus, ¢V (agbrys—r) + p(r +5) > Va(f) + Va(g).

Case 3: k = r. Notice that
{qV(aT) +1rp < qV(ag) = V(a,) < Viag) — A,
qV (bs) + sp < qV(bo) = V (bs) (bo) — s\
Then, V(a,bs) < V(a,)+V(bs) < V(ag)+V(by) < e since apby # 0. Thus,
qV(arbs) +p(r+s) = qV(ar;) + ¢V (bs) + p(r + s) = Va(f) + Valg)-

Therefore, ¢V (cr4s) + p(r + s) = Va(f) + Va(g). Hence, VA(fg) =
VA(f) + Valg)- O

<
<

Corollary 2.5. Let f(z) = ap+ a1z + ... + apz™ € R[x] be a monic polynomial.
Suppose that deg(f) =n = min{k eEN|W(f) = qV(ak) + pk}. Then for every
polynomial g = bo+byx+... +byz™ € Rlz], Va(fg) = (f)+V,\( ). Furthermore,
if j = min{k € N | gV (bg) + pk}, then VA(fg) = qV (3325 arbnj—k) +p(n + j).

Proof. If we use the same notation as in the proof of the third statement of the
previous lemma, we get r = n and by the same method we obtain V) (fg) = Va(f)+
Va(g). The fact that a, = 1, means that V(a,bs) = V(anbs) = V(an) + V(bs) =
V(bs) and this allows us to avoid the assumption that f(0)g(0) # 0. O

Lemma 2.6. Let f(x) = ag +a1x+ ... + a,_12" "1 + 2" be a monic polynomial
in R[x] of type (I1,—A1;.. .51, —\) satisfying ag # 0 and A = g € QT such that p
and q are coprime and A\ < A < \._1. Then:

r—1
(1) Ifi < Y. l; = N, then Vy(a;z") > Vy(anz™).
i=1
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NEWTON POLYGON TEST FOR POLYNOMIAL REDUCIBILITY 21

r—1
(2) Ifi> > l; = N, then Vy(a;z") > Va(anz).
i=1
Furthermore, V\(f) = Va(anz™).
r—1
Proof. Set N = Y I;.
i=1
(1) Assume that i < N:
We have V) (a;z*) = qV(a;) + pi > q(V(an) + (N —i)A\r—1) + p-i.
Since A < A._1, we get

q(V(an) + (N —i)\—1) +pi = qV(an) + Np+ (N —i)(Ar—1q — p) > Va(anz).

Therefore, Vy(a;z?) > Vi (ayz).
(2) Assume that ¢ > N:
We have Vy(a;x") = qV(a;) + p.i > q(V(an) — (i — N)\.) + p.i.
Since A > A, we get

q(V(an) = (i = N)X) +pi=qV(an) + Np — (i = N)(\qg — p) > Va(anz™).
Therefore, Vi (a;x?) > Vi (ayz). O

Lemma 2.7 ([9, Lemma 15.9 (i)]). Let f be a monic polynomial of degree n and g
be a monic polynomial of degree N in R[x]. Then, there exist polynomials ¢ and r
such that deg(r) < N and f = qg +r.

Lemma 2.8. Let f be a monic polynomial of degree n, g = go+ 1z + ... + gy
be a monic polynomial of degree N < n with gy = 1, q and r be polynomials in
Rx] such that f = qg+7, deg(r) < deg(g) and deg(g) = N = min{k € N| V\(g) =
Va(gra®)}. Then, Vx(q) = Va(f) — Valg) and Va(r) = Va(f).

Proof. Step 1: We prove first that V\(q) > Vi(f) — Va(g) is equivalent to Vy(r) >
Va(f)-

By Corollary Va(q9) = Va(q) + Va(g). Then, Va(q) > Va(f) — Va(g) implies
that Vy(qg) > Vi(f). However, r = f — qg shows that V)(r) = Va(f — gq) >
min(Vx(f), Va(gq)) = Va(f). Conversely, suppose that Vy(r) > Vi(f). Since gg =
=7, Va(qg) > min(Vy(f), Va(r)) = Va(f), so we get the result by Corollary

Step 2: Suppose that Vi (q) < Va(f)—Va(g) and Vi(r) < VA(f). Then, Vi(qg) <
Va(f). Tt follows that Vy(gq + r) > max{Vx(gg), Va(r)}.

Set q(z) = qo+. .. +qn_n_12" V142" N and q(z)g(x) = co+. .. +cp12" "+

By Corollary Valqg9) = Va(eny;a¥H9), where j = min{k € N | V)(q)
Va(gra®)}. However, deg(r) < N < N + j, then we have V\(f) = Va(qg +7)
Va(an4;2N1) = Vi(ensj2NT7) = Vi(qg), which is a contradiction.

T

CIIA I

3. MAIN RESULTS

Theorem 3.1. Let f be a monic polynomial in R[x] such that f(0) # 0. If f is
irreducible, then N(f) has only one side.
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Proof. Assume that f(z) = ag+... +a,_12" 1 +2" of type (I1, —A1;...; 1, —A),

where 0 < A\, < ... < A;. Let % be the irreducible form of A\ which satisfies

r—1
Ar <A< Ap1. Set 6 =p—gA, >0and N = > l. Then, by Lemmawe get
k=1
VA(f) = Va(anz™N) = qV(an) + pN.
N
For gi(x) = Y axz® and hy(z) = 1, we get
k=0

deg(g1) =N and deg(h1) < N —n,
Va(f—aq1) > 6+ Va(f) and Vi(hy —1) >,
VA(f = g1h1) = 1 x 6+ Va(f),

V(g1) =V(lc(g1)) = an,

N =min{k € {0,..., N} | Va(g1) = ¢V (ax) + pk}.

Indeed, ay # 0 because the bottom part of N(f) has a slope change at (N, V(ay)).
Moreover, VA(f —g1) = ¢V (a;) + p.i for a certain i > N. Then, V)(f — g1) >
q(Vian)—(GE—N)A)+pi = Va(f)+ (i —N)d > Va(f)+9. Finally, the last property
is given by the fact that for every k < N, we have ¢V (ar) + kp > q(V(an) + (N —
k)A) + kp > qV (an) + pN.
By induction, suppose that there are g = by + bixz + ... + byzY and hy, such
that
deg(gx) =N and deg(hy) <n—N,
Valf —gk) 20+ VA(f) and Vi(he —1) =6,
VA(f = grhi) 2 k x 6+ VA(f),
Vigr) = V(lc(gr)) = an,
N =min{j € {0,..., N} [ Va(gr) = ¢V (b;) + pj}-

We need to prove the existence of gx41 and hgyq satisfying the same properties
above.

Let v = V(an) = Iy A. Then, lc(gr) = m¥u, where u ¢ mR. Let g = 2 (by
abuse of notation). Then, g is a monic polynomial of degree N and V)(gx) =
Via(gk) — qu.

We also have that V(Ilc(gr)) = V(an) > 0. This means that u'(f — gphi) is a
monic polynomial for a certain v’ ¢ wR. So we can apply the Euclidean division
of Lemma [2.7} there are a polynomial ¢ of degree n — N and a polynomial r such
that deg(r) < N and f — gphr = qdi + r. Set gxy1 = g + 7 and hgy1 = hy + ¢

(1) Since deg(r) < N and deg(gr) = N, deg(gr+1) = N. Since deg(q) <n—N
and deg(hy) <n— N, deg(hry1) <n— N.
(2) We have

WA(f = grs1) = Valf — gr. — ) > min(VA(f — gx), Va(r)),
V(b1 — 1) = Valhg — 1+ ¢) > min(Vi (b — 1), Va(q)).
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By Lemma 2.8 we get

Va(q) = Va(f — gehi) — Va(gi) > k6 + Va(f) — Valgr) + qv = kd + quv > 6,
Va(r) > Vn(f — grhi) = ko + Vi (f) = 0 + Va(f).
Thus,

V)\(hk+1 — 1) > 4.

(3) Remark that f — gry1her1 = r(1 — hyg) — rq. Then, VA(f — gri1hry1) =
a(r(1—=hg)—rq) > min(Vy(r(1—hg)), Va(rq)). We have Vy(rq) > Va(r)+
Wa(q) = k6 + Via(f) + 0 = (k4 1)d + Va(f). Moreover, Vy(r(1 — hg)) >
Wa(r) + V(1 — hg) > ké + Va(f) + 0 = (k+ 1)6 + Va(f). Therefore,
VA(f = Gk1hk41) = (B + 1) + Va(f).
(4) Let r(z) = ro+...+r;a? for some j < N, and let gx+1(z) = co+. .. +enazlN.
We have Vy(r) > Vi(f); then, for every 0 < k < N — 1, ¢V (ry) + pk >
qV(an)+pN and ¢V (bg)+pk > qV (an)+pN, which implies that V (ry) >
Vian) + (N — k)X and V(b) > V(an) + (N — k), thus V(ci) = V(rg +
br) > V(an) + (N — k). Therefore, V(gr+1) = V(lc(gr+1)) = V(an) and
N =min{j € {0,..., N} | Va(gr+1) = ¢V (cx) + pk}.
When & tends to +o0, VA(f — grhi) tends to +oo. Thus, f — girhr = 0 for some
integer k large enough. Therefore, there are g and h such that f = gh. O

{VA(f = gk+1) = 0+ Va(f),

The converse is not true in general.

Example 3.2. The ring R = Z/3°Z is a special principal ideal ring where 3R is
its maximal ideal, k = R/3R ~ Z/3Z is its residual field and e = 5 the index of
nilpotency of m = 3.

Set the polynomial f(x) = 135 + 99z + 2122 + 3.

N(f) has only one side. However f is not irreducible since f(z) = g(z)h(x),
where

g(x) =9+ 62 + 22,
h(z) =15+ .

Corollary 3.3. Let f be a monic polynomial in R[x] of type (I1,—A1;la, —A2; .. .;
lry =), with f(0) # 0. Then, there are some pure monic polynomials g1, ..., g, in
R[z] such that f = g1X...Xg, and the slope of N(g;) is —\; for everyi € {1,...,r}.

Proof. By Theorem f is not irreducible. Then, f = gh for some polynomials
g, h € R[x]. If either g or h is not pure, we can factorize it too. We continue until we
get a product of pure polynomials A1, ..., h for some s € N. Lemma[2.2]shows that

the slopes of the Newton polygons of these factors h; belong to {—X\1,...,=\.}.
Then we take g; to be the product of all hy for which the slope of the Newton
polygon is — ;. As well Lemma shows that the slope of N(g;) is —\;. O

Example 3.4. The ring R = Z/3%Z is a special principal ideal ring where 3R is
its maximal ideal, k¥ = R/3R ~ Z/3Z is its residual field and e = 5 the index of
nilpotency of m = 3.
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Set the polynomial f(x) = 81 + 27z + 18922 + 1223 + 362* + 2°.

Neither the Eisenstein criterion [1.2| nor Hensel’s lemma [1.1] can assure if f is
irreducible or not in R[z]. However, the Newton polygon method can do it.

The Newton polygon shows that f is of type (3, —1;2, —%) Then, Corollary
assures that there are two pure monic polynomials g, h € R[x] such that f = gh.
Indeed,

g(x) =27+ 9z +272* + 2° = N(g) = (3, 1),

h(z) =3+ 9z + 2% = N(h) = (2,—-3).

Example 3.5. The ring R = R[t]/t®R[t] is a special principal ideal ring where tR
is its maximal ideal, k = R/tR is its residual field and e = 8 the index of nilpotency
of m=t.

Set the polynomial f(z) = t7+2t0z+ (t° +17) 2% + 2t + 22 + (¢° +3t%) 26+ 28.

Neither the Eisenstein criterion [I.2] nor Hensel’s lemma [I.1] can assure if f is
irreducible or not in R[z]. However, the Newton polygon method can do it.

The Newton polygon shows that f is of type (5, —1;3, —%) Then, Corollary
assures that there are two pure monic polynomials g, h € R[x] such that f = gh.
Indeed,

g(x) =t° 4 2thz + (t° 4 3t5)2® + 2° = N(g) = (5, -1),

h(z) =12 +2° = N(h) = (3,-2).
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